A random three-dimensional (3D) ensemble of two-level atoms in a strong static magnetic field can localize light if its number density ρ exceeds a critical value ρc 0.1k 3 0 , where k0 is the wave number of light in the free space. Localized states arise in a narrow band of frequencies near the resonant frequency of an isolated atom. A critical exponent of the localization transition taking place upon varying the frequency of light at a constant ρ > ρc is estimated to be ν = 1.57 ± 0.07. This classifies the transition as an Anderson localization transition of 3D orthogonal universality class.
A random three-dimensional (3D) ensemble of two-level atoms in a strong static magnetic field can localize light if its number density ρ exceeds a critical value ρc 0.1k 3 0 , where k0 is the wave number of light in the free space. Localized states arise in a narrow band of frequencies near the resonant frequency of an isolated atom. A critical exponent of the localization transition taking place upon varying the frequency of light at a constant ρ > ρc is estimated to be ν = 1.57 ± 0.07. This classifies the transition as an Anderson localization transition of 3D orthogonal universality class.
The search for Anderson localization of light in threedimensional (3D) disordered media has been an active research direction since the mid-1980s when Sajeev John [1] and Philip Anderson [2] independently noticed that light could be localized by strong disorder in a way analogous to electron localization in disordered solids [3] . It was rapidly recognized that optical localization in a dielectric material is difficult to achieve because, on the one hand, of the way in which the disorder enters the optical wave equation (the position-dependent dielectric function ε(r) of the material multiplies the second-order time derivative of the electric field) and, on the other hand, of the relatively low values of ε of available transparent materials at optical frequencies (ε 15) [4] . As a consequence, the correlation length of disorder (or, equivalently, the typical size of individual scattering particles composing a disordered material) has to be of the order of the optical wavelength in order to achieve strong scattering and ultimately Anderson localization. Unfortunately, even the materials composed of particles with the largest available dielectric constants and sizes in a wide range around the optical wavelength did not allow for an indisputable observation of light localization in 3D thus far [5] [6] [7] .
A random spatial arrangement of immobile atoms represents an alternative to dielectric media for reaching Anderson localization of light [8, 9] . Indeed, the coherent backscattering of light, considered as a precursor of localization, was observed in cold atomic gases almost 20 years ago [10, 11] . However, the vector character of light and the associated dipole-dipole interactions between atoms have been predicted to prevent Anderson localization in atomic systems [12, 13] . A static external magnetic field partially suppresses the interatomic dipole-dipole interactions and induces a localization transition for light that is quasiresonant with a J g = 0 → (J e = 1, m = ±1) transition (J g and J e are the total angular momenta of the ground and excited states, respectively, and m is the magnetic quantum number of the excited state) [14] . This transition takes place in a dense medium that is made strongly anisotropic by the magnetic field, and in the presence of near-field couplings between atoms separated by less than a wavelength in distance. Questions thus arise concerning the nature of this transition: To which extent can it be considered a genuine, disorderinduced Anderson transition? What is its universality class? Does the anisotropy of the atomic medium in a strong magnetic field play any role? It is the purpose of this Letter to provide exhaustive answers to these questions and thereby motivate the experimental work on Anderson localization of light by cold atoms.
An ensemble of N identical two-level atoms (resonance frequency ω 0 , J g = 0 for the ground state, J e = 1 for the excited state) at positions {r j }, j = 1, . . . , N , subjected to a constant external magnetic field B e z and interacting with a free electromagnetic field, is described by the following Hamiltonian [15] [16] [17] :
Here we denote the atomic dipole operators byD j , the electric displacement vector by ε 0Ê (r), the photon creation and annihilation operators corresponding to a mode of the free electromagnetic field having a wave vector k and a polarization byâ † k andâ k , respectively. µ B is the Bohr magneton, and g e is the Landé factor of the excited state. As discussed previously [14, 18] , the quasimodes of the atomic subsystem can be found as eigenvectors of a 3N × 3N Green's matrix G with elements
where k 0 = ω 0 /c, ∆ = g e µ B B/ Γ 0 is the Zeeman shift in units of the spontaneous decay rate Γ 0 , d ejmgj = J e m|D j |J g 0 , and r jn = r j − r n . The complex eigenvalues Λ n of the matrix G yield eigenfrequencies ω n = ω 0 − (Γ 0 /2)ReΛ n and decay rates Γ n /2 = (Γ 0 /2)ImΛ n of quasimodes. The matrix G thus plays the role of an effective Hamiltonian of the open system of atoms interacting via the electromagnetic field. In a strong magnetic field ∆ 1 (still, ∆ ω 0 /Γ 0 ), the eigenvalues Λ n split in three groups corresponding to transitions between the ground state and one of the three Zeeman sublevels (m = 0, ±1) which now have very different frequencies ω m = ω 0 + mΓ 0 ∆ and hence decouple [14] . A group of eigenvalues around one of the three ω m can be found independently of the two other groups by diagonalizing a simplified N × N Green's matrix G (m) . Indeed, consider the probability amplitude for a transfer of an excitation from an atom n in an excited state with, say, m = −1, to an atom j initially in the ground state. For the purpose of argument, assume that the atoms are far from each other: k 0 r jn 1. The atom n emits a photon having a frequency around ω −1 = ω 0 − Γ 0 ∆, a wave vector k r jn , and helicity ⊥ k with a probability amplitude proportional to a scalar product * · d gnenm ∝ (1 − cos θ jn ) exp(−iϕ jn ), where = ±1 for right and left helicities, respectively, and r jn = {r jn , θ jn , ϕ jn }. The photon will reach the atom j with a probability amplitude ∝ exp(ik 0 r jn )/k 0 r jn describing the propagation of a spherical wave, and will be absorbed on the transition J g = 0 → J e = 1, m = −1 of this atom with a probability amplitude proportional to · d ejmgj ∝ (1 − cos θ jn ) exp(iϕ jn ). The two other transitions corresponding to m = 0 and m = +1 cannot be excited because their resonant frequencies are too different from ω −1 . The probability amplitude G (−1) jn of the excitation transfer is obtained by multiplying the probability amplitudes of emission by the atom n, propagation from r n to r j , and absorbtion by the atom j = n, and then summing over :
Repeating all the reasonings for m = +1, we obtain exactly the same equation for G (+1)
jn , whereas the result for G (0) jn is different. Extending the above analysis to arbitrary r jn by properly including near-field dipole-dipole interactions between the atoms and keeping trace of all numerical factors yields where P (x) = 1 − 1/x + 1/x 2 and Q(x) = −1 + 3/x − 3/x 2 . The effective anisotropy of the atomic medium in a strong magnetic field, which is not obvious from Eq. (2), now becomes evident because Eq. (4) contains an explicit dependence on the angle θ jn between r jn and B. Figure 1 illustrates the fact that the eigenvalues of the matrices (2) and (4) indeed coincide in the limit of large ∆. From here on we assume that the atoms are randomly distributed in a ball of radius R and volume V with an average density ρ = N/V .
We will use Eq. (4) to study the localization transition for light that is quasiresonant with the transition between the ground state and one of the excited states corresponding to m = ±1 (there is no localization transition for m = 0 [14] ). To identify the critical points (mobility edges), we use the approach developed in Ref.
19 for scalar waves. In brief, at a fixed (and sufficiently high) atomic number density ρ and for a set of different atom numbers N , we compute the eigenvalues Λ n of the matrix (4) for ensembles of random realizations of disorder {r j } and then estimate the probability density p(ln g; ReΛ, N ) of the logarithm of the Thouless conductance g = ImΛ n / ReΛ n − ReΛ n−1 , where the angular brackets denote ensemble averaging. The small-g part of p(ln g; ReΛ, N ) becomes independent of N at the critical points ReΛ c . Instead of working with p(ln g; ReΛ, N ), it is more convenient to analyze its low-rank (q ≤ 0.05) percentiles ln g q defined by q = The finite-size scaling analysis of the localization transition consists in fitting the numerical data for ln g q near a critical point by polynomials [19, 20] :
where w = (ReΛ − ReΛ c )/ReΛ c , ν is a critical exponent of the localization transition, and y < 0 is an irrelevant exponent accounting for finite-size effects. m 1 = 1, n 1 = 2, m 2 = n 2 = 1 in Eqs. (5) and (6) are the minimum values that yield fits of acceptable quality and, at the Fig. 2(a) ] is complicated by a stronger noise in the numerical data and does not yield reliable estimations of ν with an acceptable precision.
The best estimation of the critical exponent ν = 1.57 ± 0.07 obtained by averaging results obtained for all q = 0.001-0.05 [see Fig. 3(b) ], is consistent with the value expected for a localization transition of the 3D orthogonal universality class, typical for spinless time-reversal invariant systems [20, 21] . The Hamiltonian (1) is formally invariant under time reversal of the whole system "light + atoms + the magnet creating the magnetic field B" (remember that B changes sign upon time reversal) [22] . However, for a constant B that we consider, the subsystem "light + atoms" is not time-reversal invariant and one might expect the localization transition to belong to the unitary universality class and have a different critical exponent [21, 23] . To resolve this apparent contradiction, let us go back to the detailed consideration of the transfer of an excitation from an atom n to a distant atom j that we presented above to derive Eq. jn . In other words, the photons of positive (negative) helicity play the same role in the excitation transfer from one atom to another as the photons of negative (positive) helicity do for the transfer in the opposite direction. As a result, the effective Hamiltonian (2) of the system of atoms in a strong magnetic field becomes time-reversal invariant in the limit N → ∞, and the localization transition in this system belongs to the orthogonal universality class. The anisotropy induced in the atomic medium by the external magnetic field may play a role in determining the locations of mobility edges [24] [25] [26] , but apparently does not modify the universality class of the localization transition, in agreement with previous theoretical results for the anisotropic Anderson model [26] and with experiments in cold-atom systems [27] .
The analysis performed above for a single atomic density ρ/k 0.12 the mobility edges are too close to be clearly distinguishable, and they disappear for ρ/k 3 0 < ρ c /k 3 0 0.1 (i.e., lines ln g q corresponding to different N do not cross). The latter value also follows from polynomial fits in Fig. 4 as a minimum density at which localized states appear. It is slightly larger than ρ c /k 3 0 0.08 identified as the absolute localization threshold for scalar waves [28] . In our opinion, this difference reflects the residual dipole-dipole interactions which are partially suppressed but not fully eliminated by the magnetic field. As a consequence, Anderson localization requires a higher scatterer density and thus is more difficult to reach for light scattered by atoms in a magnetic field than for scalar waves. A the same time, the two transitions belong to the same universality class and are characterized by the same critical exponent ν. The width ∆ω of the frequency band where the states are localized increases with density ρ (see the inset of Fig. 4) . By fitting the dependence of ∆ω on ρ − ρ c with a power law, we find
It is important to realize that in this work we take two limits in a well-defined order: first B → ∞ and then N → ∞. The first limit allows us to reduce the dimension of the considered random matrix G and to work with a smaller matrix G (±1) , whereas the second one is implied by the finite-size scaling procedure. It would be interesting to check that modifying the order of the limits does not affect the results (in particular, the critical exponent ν). In an experiment with cold atoms, neither B → ∞ nor N → ∞ is realizable, but it is nevertheless possible to achieve sufficiently strong fields B to decouple transitions with different magnetic quantum numbers m (see Ref.
18 for a discussion of a possible experiment).
In conclusion, quasiresonant light in a 3D ensemble of two-level atoms in a strong magnetic field exhibits a localization transition when its frequency is varied around ω = ω 0 ±Γ 0 ∆, provided that the number density of atoms ρ exceeds a critical value ρ c 0.1k 3 0 . The width of the frequency range in which the states are localized increases with density ρ as (ρ − ρ c ) 2/3 and remains smaller than or of the order of the natural line width Γ 0 , at least for densities up to ρ = 0.4k
